Universal two-time correlations, out-of-time-ordered correlators and
  Leggett-Garg inequality violation by edge Majorana fermion qubits by Gomez-Ruiz, F. J. et al.
Universal two-time correlations, out-of-time-ordered correlators and Leggett-Garg
inequality violation by edge Majorana fermion qubits
F. J. Go´mez-Ruiz,1, 2, ∗ J. J. Mendoza-Arenas,1 F. J. Rodr´ıguez,1 C. Tejedor,3 and L. Quiroga1
1Departamento de F´ısica, Universidad de los Andes, A.A. 4976, Bogota´ D. C., Colombia.
2Department of Physics, University of Massachusetts, Boston, MA 02125, USA
3Departamento de F´ısica Teo´rica de la Materia Condensada and Condensed Matter Physics Center (IFIMAC),
Universidad Auto´noma de Madrid, 28049, Spain.
(Dated: June 25, 2018)
In the present work we propose that two-time correlations of Majorana edge localized fermions
constitute a novel and versatile toolbox for assessing the topological phases of 1D open lattices.
Using analytical and numerical calculations on the Kitaev model, we uncover universal relationships
between the decay of the short-time correlations and a particular family of out-of-time-ordered
correlators, which provide direct experimental alternatives to the quantitative analysis of the sys-
tem regime, either normal or topological. Furthermore we show that the saturation of two-time
correlations possesses features of an order parameter. Finally, we find that violations of Leggett-
Garg inequalities can indicate the topological-normal phase transition by looking at different qubits
formed by pairing local and non-local edge Majorana fermions.
I. INTRODUCTION
In the last few years, the development of new quantum
devices has fuelled the search for novel materials and
control mechanisms to engineer unprecedented technolo-
gies. Along this path, topological systems have been
identified as robust entities with potential applications
in quantum computation and information processing due
to their unusual braiding properties [1–3]. Candidates
for topological qubits include chains of magnetic atoms
on top of a superconducting surface [4], hybrid systems
between s−wave superconductors and topological insula-
tors [5], p−wave superconductors [6], fractional quantum
Hall systems [7] and 1D semiconductor-superconductor
heterostructure based quantum wires [8–10]. Notably,
the latter have aroused great interest given their high
experimental accessibility and controllability [11]. In
addition, edge-localized Majorana zero modes, expected
to be robust against dephasing and dissipation [12–15],
have been predicted to exist in these systems. The search
of new topological configurations allowing for Majorana
zero modes has also been extended to Josephson junction
based nanostructures [16–20].
Concurrently with the chase of novel materials is
the search for experimentally-accessible properties to
identify their truly nonclassical features, such as topo-
logical quantum phases. A large number of protocols
have been proposed to this end, and a particularly
important subset are those based on spatial non-local
correlations as embodied in Bell inequalities [13, 21, 22].
More recently there has been a surge of theoretical and
experimental interest in using temporal correlations
instead for similar purposes, since in some scenarios
nonlocal measurements are quite challenging. Thus
∗ fj.gomez34@uniandes.edu.co
local measurements such as two-time correlations (TTC)
can be used to gain further access to the underlying
physics [23, 24].
Here we consider an extension of that interest to
assess the interplay between time correlations and
nonlocal quantum objects in Majorana fermion chains, a
situation different from any other previously considered,
by focusing mainly on the Kitaev chain [25]. In par-
ticular we address the open question of detecting true
quantum temporal correlations in a topological quantum
phase. Correlations for two types of objects are to be
explored: (i) Local Dirac fermions formed by pairing
two Majorana fermions on the same edge site, and (ii)
Non-local Dirac fermions coming from the pairing of
Majorana fermions located at the two opposed edge sites
of the chain. In this way we will address the pivotal role
that TTCs play for detecting large memory effects of
local and non-local Majorana edge qubits.
Specifically we will show how the longtime limit of
several boundary TTCs possesses features of an order
parameter, providing information on the quantum phase
transitions of the Majorana fermion system. Moreover,
for the purposes of the present work, TTC can be used
to assess the quantumness of a system, in a form similar
to spatial correlations do through Bell inequalities.
Namely, combinations of TTC allow for testing Leggett-
Garg inequalities (LGIs) [26–28]. These inequalities are
satisfied in macroscopic classical systems, characterized
by macrorealism (a system’s property is well defined
at every time regardless of being observed or not) and
noninvasive measurability (a system is unaffected by
measurements). Their violation indicates the existence
of macroscopic quantum coherence.
Not only there has been an intense search for ex-
perimental schemes in which LGI violations can be
observed [29–36], but also several applications for
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2them have been proposed, including identification of
order-disorder quantum phase transitions in many-body
systems [37] and characterization of quantum trans-
port [38]. Indeed it is also interesting to extend the
range of LGI violation features as a detection tool of
topological phase transitions. Along this line, our results
provide a first step for understanding the link between
correlations in space and time domains in a concrete
topological condensed-matter set up. Moreover, we
stress that all of our results remain still valid for an
edge spin in the transverse field Ising open chain, by
applying a Jordan-Wigner transformation to the open
Kitaev chain model.
The paper is organized as follows. Section II gath-
ers up a brief review of specific Majorana fermion chains
(in the language of the 1D Kitaev model), its exact
diagonalization and theoretical aspects of Majorana
qubit two-time correlations. In Section III numerical
results of Majorana qubit-TTCs behavior for short-,
intermediate- and long-time regimes are discussed. In
Section IV a brief recap of LGI is brought out, with
focus on the intermediate time regime. Both analytical
and numerical results are provided and contrasted
whenever possible. Section V is devoted to discuss
possible experimental implementations where TTC and
LGI behaviors of Majorana-based qubits could be tested.
Finally, in Section VI we present a summary of this
work.
II. THEORETICAL FRAMEWORK
A. Majorana fermion chain
We focus on a concrete realization of a Majorana
fermion chain in terms of the Kitaev model [25]. It is
described by the Hamiltonian:
Hˆ =− µ
2
N∑
j=1
(2nˆj − 1)
− ω
N−1∑
j=1
(
cˆ†j cˆj+1 + cˆ
†
j+1cˆj
)
+ ∆
N−1∑
j=1
(
cˆj cˆj+1 + cˆ
†
j+1cˆ
†
j
)
,
(1)
representing a system of non-interacting spinless
fermions on an open end chain of N sites labeled
by j = 1, . . . , N . The single site fermion occupation
operator is denoted by nˆj = cˆ
†
j cˆj , the chemical potential
is µ, taken as uniform along the chain, ω is the hopping
amplitude between nearest-neighbor sites (we assume
ω ≥ 0 without loss of generality because the case with
ω ≤ 0 can be obtained by a unitary transformation:
cˆj → −ι˙ (−1)j cˆj) and ∆ is the p−wave paring gap,
which is assumed to be real and ∆ ≥ 0 (the case
∆ ≤ 0 can be obtained by transformation cˆj → ι˙ cˆj
for all j). This model captures the physics of a 1-D
topological superconductor with a phase transition
between topological and nontopological (trivial) phases
at µ = 2∆, for ∆ = ω. Notice that for this symmetric
hopping-pairing Kitaev Hamiltonian, i.e. ω = ∆, a
Jordan-Wigner transformation leads directly into the
transverse field Ising model [39]. Thus, from now on we
will refer as Majorana fermion chain either the Kitaev
chain or the transverse field Ising model.
Let us introduce Majorana operators γˆj to express the
real space spinless fermion annihilation and creation op-
erators, as:
cˆj =
1
2
(γˆ2j−1 + ι˙γˆ2j) , cˆ
†
j =
1
2
(γˆ2j−1 − ι˙γˆ2j) . (2)
These are Hermitian operators (γˆj = γˆ
†
j ), satisfy the
property (γˆj)
2
=
(
γˆ†i
)2
= 1, and obey the modified
anticommutation relations {γˆi, γˆj} = 2δi,j , with i, j =
1, . . . , 2N . From the definition of Majorana operators (2)
it is evident that for each spinless fermion on site j, two
Majorana fermions are assigned to that site, which are
denoted by γˆ2j−1 and γˆ2j . They allow the Kitaev Hamil-
tonian in Eq. (1) to be written in the equivalent form:
Hˆ =− ι˙ µ
2
N∑
j=1
γˆ2j−1γˆ2j
+
ι˙
2
N−1∑
j=1
[(ω + ∆) γˆ2j γˆ2j+1 − (ω −∆) γˆ2j−1γˆ2j+2] .
(3)
In order to put the Majorana fermion Hamiltonian in
Eq. (1) (or equivalently in Eq. (3)) in diagonal form, a
standard Bogoliubov transformation (see Supplemental
Material (SM) [40]) is performed:
cˆ†j =
N∑
k=1
(
u2k,j dˆk + v2k,j dˆ
†
k
)
,
cˆj =
N∑
k=1
(
u2k,j dˆ
†
k + v2k,j dˆk
)
,
(4)
where k denotes a single fermion mode, u2k,j and v2k,j are
real numbers, and the canonical fermion anticomutation
relations for the new operators dˆk, dˆ
†
k remain true, that
is
{
dˆk, dˆ
†
k′
}
= δk,k′ ,
{
dˆ†k, dˆ
†
k′
}
=
{
dˆk, dˆk′
}
= 0. Thus
the exact diagonalization of the Kitaev Hamiltonian in
Eq. (1), in terms of the new independent fermion mode
operators dˆ
(
dˆ†
)
, leads to:
Hˆ =
N∑
k=1
k
[
dˆ†kdˆk −
1
2
]
, (5)
where the new fermion mode energies k ≥ 0 are to be
numerically calculated for a Kitaev chain with open ends
(although analytical exact results may be found in some
cases, see [41]). The matrix representation of Eq. (5) is
explicitly written in the SM [40].
3B. Two-time correlations
The key quantity of interest in the present work is
the symmetrized TTC, C (t1, t2), as given by the expres-
sion [37]
C (t1, t2) = 1
2
〈{Qˆ (t2) , Qˆ (t1)}〉, (6)
where Qˆ denotes a single qubit operator (a dichotomic
observable, i.e. with eigenvalues q = ±1) to be specified
later, {Qˆ, Qˆ′} is an anticommutator and Qˆ(tn) the qubit
operator at time tn. Since the TTC is to be evaluated for
stationary states, it does not depend on the individual
times t1 and t2 but only on their difference t = t2 − t1,
leading simply to C (t1, t2) = C (t, 0) = C (t).
In the following subsections, we present an analyt-
ical approach for the evaluation of TTC for single
and double Majorana qubits, together with extensive
supporting numerical data. In particular in Sec. II C we
obtain the early-time TTC behavior for different local
and non-local qubits, demonstrating that for the local
single and double Majorana qubit case universal features
(independent of the chain quantum state itself as well as
chain size) can be identified providing local information
about the global systems many-body quantum phase.
We also link the TTCs short-time evolution to a special
kind of recently established many-time correlators, the so
called out-of-time-ordered correlators, which are gaining
growing interest. Moreover, in Sec. II D we provide
analytical results for single- and double-Majorana TTCs
for arbitrary times, showing how the former serves as a
test of topological criticality by directly indicating the
existence of edge localized zero energy modes. These
results are then fully evaluated numerically in Sec. III.
C. TTC short-time behavior and
out-of-time-ordered correlation function
In order to assess the sensitivity of TTC for detect-
ing quantum phase transitions by looking at a single lo-
cal site, we connect the short time TTC behavior to a
second-order expansion with out-of-time-ordered correla-
tion function T (t) = 〈Oˆ†1 (t) Oˆ†2 (0) Oˆ1 (t) Oˆ2 (0)〉 [42–45].
Let us expand up to second order in time the TTC as
given by Eq. (6), yielding to
C (t) = 1
2
〈{eι˙HˆtQˆe−ι˙Hˆt, Qˆ}〉
' 1− t
2
2
〈−[Hˆ, Qˆ]2〉+O(t4)
(7)
Note that the second line in the last equation holds for
any single-site qubit observable Qˆ such that Qˆ2 = 1ˆ,
evolving under the action of an arbitrary (local or global)
Hamiltonian Hˆ. Moreover, and most interestingly, the
first line in Eq. (7) is nothing but the real part of the
T (t) corresponding to a hermitian single qubit operator
Oˆ2 = Qˆ and the unitary operator Oˆ1(t) = e
−iHt.
First, let us consider the TTC for a single edge
Majorana fermion j = 1, i.e. Qˆ = γˆ1. By resorting
to Eq. (3) it is easy to check that [Hˆ, γˆ1]
2 = −µ2,
a scalar quantity, thus producing for the real part of
the corresponding T (t) the simple and universal result
〈−[Hˆ, γˆ1]2〉 = µ2, valid for any Majorana fermion chain
pure state |ψK〉 or mixed state ρˆK . Note that via
the Jordan-Wigner transformation, this qubit operator
corresponds to σˆx1 for the transverse field Ising model,
i.e. γˆ1 = σˆ
x
1 , the x-spin operator of an edge chain site.
Consequently we rewrite the TTC in Eq. (7) as C(x)1 (t),
C(x)1 (t) =
1
2
〈{γˆ1 (t) , γˆ1}〉
' 1− µ
2
2
t2 +O(t4).
(8)
As a second case, we consider a two-Majorana edge
qubit such as Qˆ = 2nˆ1 − 1ˆ = −ι˙ γˆ1γˆ2. This qubit corre-
sponds, via the Jordan-Wigner transformation, to the σˆz1
edge spin operator for the transverse field Ising model,
i.e. −ι˙ γˆ1γˆ2 = σˆz1 . Now it is straightforward to show
that [Hˆ,−ι˙ γˆ1γˆ2]2 = −4∆2, again a scalar quantity and
hence producing a result valid for any Majorana fermion
chain pure state |ψK〉 or mixed state ρˆK . Thus the sec-
ond derivative of the real part of the T (t) reduces to the
universal value 〈−[Hˆ,−ι˙ γˆ1γˆ2]2〉 = 4∆2 and consequently
the short time expression for C(z)1 (t) becomes
C(z)1 (t) = −
1
2
〈{γˆ1 (t) γˆ2 (t) , γˆ1γˆ2}〉
' 1− 2∆2t2 +O(t4).
(9)
As a third case, we analyze the short-time behavior
of the non-local Dirac fermion formed by coupling two
Majorana operators located at the two edges of the chain,
Qˆ1,N = ι˙ γˆ1γˆ2N . The expansion of the corresponding
TTC leads to
C1,N (t) = −12
〈{γˆ1 (t) γˆ2N (t) , γˆ1γˆ2N}〉
' 1− µ2 (1− 〈γˆ1γˆ2γˆ2N−1γˆ2N 〉) t2 +O(t4).
(10)
It is evident that this TTC features a non-universal
short-time evolution, given that it depends on the
specific quantum state of the Majorana fermion
chain. This is indicated by the expected value of
the four Majorana operator term 〈γˆ1γˆ2γˆ2N−1γˆ2N 〉 =
〈γˆ1γˆ2〉〈γˆ2N−1γˆ2N 〉 + 〈γˆ1γˆ2N 〉〈γˆ2γˆ2N−1〉, which for
a sufficiently long it can be approximated to
〈γˆ1γˆ2γˆ2N−1γˆ2N 〉 ' 〈γˆ1γˆ2〉2 in the ground state.
In Fig. 1 the short-time curvature (second time
derivative) of the edge TTCs corresponding to single-
and double-Majorana fermions is depicted as a function
4Figure 1. (color online) Short-time curvatures of the different
edge TTCs as a function of µ/∆. Main panel: Curvature for
the non-local two-Majorana qubit C1,N (t) (green, solid line),
and its second derivative with respect to µ (green, dashed
line). The latter presents a clear dip at the topological quan-
tum critical point. Inset: TTC initial curvature for local Ma-
jorana qubits, Cx1 (t) (red line) and Cz1 (t) (blue line), showing
a crossing just at the critical point.
of µ/∆. In the main panel the non-local case of C1,N (t) is
plotted (solid line), while in the inset those of C(x)1 (t) and
C(z)1 (t) are depicted. Clearly, by comparing Eqs. (8)-(9),
an universal crossing of initial TTC curvatures occurs
for µ = 2∆, which signals the critical point for the
topological-trivial phase transition in the Kitaev model,
or equivalently for the ferromagnetic-paramagnetic
transition in the transverse field Ising model. This re-
markable universal behavior, i.e. the independence from
the Majorana fermion chain quantum state, holds true
only for the edge sites of both these models as realized
by the Kitaev chain and transverse field Ising systems.
By contrast, the non-local C1,N (t) shows a non-universal
behavior depending on the specific quantum state of
the Majorana fermion chain. The results plotted in the
main panel of Fig. 1 have been obtained numerically, as
explained below, for a Kitaev chain in the ground state.
In the same panel the second derivative of the curvature
with respect to µ is also plotted (dashed line), which
clearly presents a dip at the critical point µ/∆ = 2.
Thus, we observe that the early-time correlators, both
with universal and non-universal behavior, are sensitive
to the topological phase transition.
D. General two-time correlation behavior of
Majorana qubits
Having established the relevance of TTCs and a re-
lated family of out-of-time-ordered correlations for edge
sites in the Majorana fermion chain, we proceed to ex-
plore the TTC behavior for qubits formed by any com-
bination between edge and/or bulk sites, for arbitrary
times. By developing the Majorana qubits in terms of
Bogoliubov operators (see SM [40]) we proceed to ex-
press both the single- and double-Majorana TTC in con-
venient forms for numerical analysis. We follow the same
notation for Bogoliubov coefficients used in Ref. [46]. As
we discuss below this numerical procedure is essential to
further progress, except in special cases for C(x)1 (t) where
an exact closed form has been obtained.
1. Single-Majorana edge two-time correlations
First we note that the C(x)1 (t)-TTC admits an universal
exact closed expression for arbitrary pure or mixed quan-
tum states of the Majorana fermion chain (see SM [40]).
We found that
C(x)1 (t) =
∞∑
m=0
(−1)m
(2m)!
(2∆t)
2mNm(u2), (11)
where u = µ2∆ , and Nm(x) =
∑m
n=1Nm,nx
n are the
well-known Narayana polynomials, which involve the
Narayana numbers Nm,n =
1
m
(
m
n−1
)(
m
n
)
[47, 48]. Note
that the critical point corresponds to u = 1, for which
Nm(1) = Cm = 1m+1
(
2m
m
)
, the most famous Catalan
numbers. Importantly Eq. (11) can be calculated in a
closed form at the critical point u = 1, yielding to the
simple expression
C(x)1 (t) =
J1 (4∆t)
2∆t
(12)
in terms of the Bessel function of the first kind J1(z).
To the best of our knowledge this compact result has
passed unnoted in the literature on both Ising and
Kitaev models. We emphasize that the expressions given
by Eqs. (11)-(12) are always valid and thus they are
of universal reach, independently of the pure or mixed
state of the Majorana fermion chain. Consequently, they
hold true even at infinite temperature.
For other values of u such a simple form has yet
to be found. However the analytics can be developed
further, leading to deeper insights on the general behav-
ior of the TTC. First, Eq. (11) allows for establishing a
link of C(x)1 (t)-TTC on both phases around the critical
point u = 1, which will come in handy afterwards. Since
the Narayana polynomials are symmetric, the property
Nm( 1x ) = 1xm+1Nm(x) holds. Consequently,
C(x)1
(
t,
1
u
)
= 1− 1
u2
+
1
u2
C(x)1
(
t
u
, u
)
, (13)
indicating that the x-TTC behaves in one phase (re-
duced chemical potential 1u ) as it would do in the
complementary phase (reduced chemical potential u)
but with a scaled time tu .
5Furthermore, for numerical calculations the time
evolution of a single Majorana edge fermion operator,
γˆi(t) = e
ι˙Hˆtγˆi(0)e
−ι˙Hˆt, is found to be
γˆ2j−1 (t) =
N∑
m=1
{γˆ2m−1 g(+,+)m,j (t) + γˆ2m h(−,+)m,j (t)}
γˆ2j (t) =
N∑
m=1
{γˆ2m g(−,−)m,j (t)− γˆ2m−1 h(+,−)m,j (t)},
(14)
where
g
(ν,ν)
m,j (t) =
∑
k
cos(k t) (u2k,m + νv2k,m) (u2k,j + νv2k,j)
h
(ν,−ν)
m,j (t) =
∑
k
sin(k t) (u2k,m − νv2k,m) (u2k,j + νv2k,j),
(15)
with ν = +,−. A direct application of these relations
allows us to obtain an analytical expression for the full
time evolution of C(x)1 (t), as
C(x)1 (t) =
∑
k
cos(k t)(u2k,1 + v2k,1)
2, (16)
where 〈γ2iγ2j−1〉 = −i
∑
k (u2k,i − v2k,i) (u2k,j + v2k,j)
and 〈γ2iγ2j〉 = 〈γ2i−1γ2j−1〉 = δi,j have been used. By
expanding Eq. (16) up to second order in time and com-
paring it with the universal result quoted in Eq. (8) the
following identity holds true,∑
k
2k (u2k,1 + v2k,1)
2
= µ2, (17)
which is valid for open Kitaev and transverse field Ising
models (with µ replaced by the transverse magnetic
field) of arbitrary chain length. The identity given
by Eq. (17) provides by itself a consistency check of
numerical calculations.
Now let us look at the long-time limit of C(x)1 (t)
by averaging Eq. (16) over a long time period. As the
time average of cos(k t) vanishes unless some fermion
mode has energy M = 0, i.e. a zero energy Majorana
mode exists (for which the average is 1), we can readily
assure that for the topological regime
lim
t→∞ C
(x)
1 (t) ' (uM,1 + vM,1)2 = 4u2M,1, (18)
since uM,1 = vM,1, i.e. the electron and hole contribu-
tions for the zero energy Majorana mode k = M at site
j = 1 are the same. Consequently, we propose that a
measurement of the long time saturation value of the
edge C(x)1 -TTC provides a witness of the topological
(6= 0) and non-topological (= 0) phase transition of the
Majorana fermion chain systems, as it probes directly
the existence of zero energy modes. Additionally, it gives
direct access to the electron-hole weight of such modes.
2. Two-time correlations of double-Majorana qubits
We focus now on qubits formed by any pair of Majo-
rana fermions such as γˆ2i−1 and γˆ2j ; details of the calcu-
lations are given in the SM [40]. We define
θˆi,j =
1
2
(γˆ2i−1 + ι˙ γˆ2j) , θˆ
†
i,j =
1
2
(γˆ2i−1 − ι˙ γˆ2j) . (19)
Notice that i = j implies that the forming Majorana
modes are located on the same physical site, and the Ki-
taev operators in Eq. (1) are recovered, i.e θˆj,j = cˆj . On
the other hand, for i 6= j the Majorana fermions are lo-
cated on different physical sites. It is easy to check that
usual Dirac fermion relations hold true for operators θˆi,j
and θˆ†i,j as
{
θˆi,j , θˆ
†
i,j
}
= 1,
{
θˆ†i,j , θˆ
†
i,j
}
=
{
θˆi,j , θˆi,j
}
= 0.
Thus, we can define non-local Majorana qubits as Qˆi,j =
2θˆ†i,j θˆi,j − 1, which have eigenvalues ±1. Expressing
Qˆi,j(t) =
1
2 (γˆ2i−1(t)− i γˆ2j(t)) (γˆ2i−1(t) + i γˆ2j(t))−1 =
1
2
[
cˆi(t) + cˆ
†
i (t), cˆj(t)− cˆ†j(t)
]
in terms of commutators of
diagonal fermionic mode operators, it becomes possi-
ble to evaluate the corresponding TTC not only for the
ground state but for any excited eigenstate |ψK〉 of the
Kitaev chain. The TTC for general Majorana qubits
turns out to be
Ci,j (t) = 1−
N∑
k=1
N∑
q=1
[
sin2
( k + q
2
t
)
[(u2k,i + v2k,i) (u2q,j − v2q,j)− (u2q,i + v2q,i) (u2k,j − v2k,j)]2
[
1− (nq − nk)2
]
+ sin2
( k − q
2
t
)
[(u2k,i + v2k,i) (u2q,j − v2q,j) + (u2q,i + v2q,i) (u2k,j − v2k,j)]2 (nq − nk)2
]
.
(20)
where nk = 0 denotes the k-th fermion mode is empty
while nk = 1 means it is occupied. By focusing on the
edge TTC, i.e. i = j = 1 and C1,1 (t) = C(z)1 (t), expand-
ing the right hand side of Eq. (20) up to second order in
time and comparing it to the universal result quoted in
6Figure 2. (color online) Edge single- and double-Majorana qubit TTC in the topological phase (µ/∆ = 1.5, left panel), at the
transition point (µ/∆ = 2, central panel) and in the non-topological phase (µ/∆ = 2.5, right panel). In all panels the red line
depicts the C(x)1 (t)-TTC, the blue line represents the C(z)1 (t)-TTC, while the green line corresponds to C1,N (t).
Eq. (9), a new identity results as
N∑
k=1
N∑
q=1
(k + q)
2
(u2k,1v2q,1 − u2q,1v2k,1)2 = 2∆2 (21)
which is valid for both open boundary Kitaev and
transverse field Ising models (with ∆ replaced by the
spin exchange interaction) for arbitrary chain lengths.
As before the identity given by Eq. (21) turns out to
be another important consistency check for numerical
calculations.
III. RESULTS AND DISCUSSION
Now we evaluate numerically the different time corre-
lations discussed in Sec. II D. All the results we describe
below correspond to an open-ended Majorana fermion
chain with N = 101 sites in the many-body ground-state,
|ψK〉 =
⊗N
k=1 |0〉, with symmetric hopping-pairing ener-
gies, i.e. ω = ∆ = 1, which also fixes the energy scale.
Their inverse fixes the time scale through the dimension-
less variable ∆t. In Figure 2 the time evolution of both
single edge Majorana qubits C(x)1 (t) and two-Majorana
edge qubits C(z)1 (t) and C1,N (t) is displayed for three spe-
cific values of the chemical potential, namely µ/∆ = 1.5
(left panel), µ/∆ = 2.0 (central panel) and µ/∆ = 2.5
(right panel). Oscillatory features are dominant for both
short- and intermediate-time regimes ∆t < 10, which
subsequently are attenuated until the TTCs reach sta-
tionary or asymptotical values for ∆t > 10. We discuss
first this long-time regime.
It can be seen that the asymptotic behaviors of C(x)1 (t)
and C1,N (t)-TTCs are very different from that of C(z)1 (t)-
TTC crossing the critical point to the trivial phase. We
found that these three TTCs remain finite in the topo-
logical phase even at infinity time, which agrees with the
numerically-based observation in Ref. [49] that long co-
herence times for edge sites in open boundary Majorana
fermion chains are possible. However, the long-time lim-
its of C(x)1 (t) and C1,N (t) vanish when the system en-
ters the non-topological or trivial phase (C(z)1 (t) saturates
Figure 3. (color online) Long-time limits of edge TTCs as a
function of µ/∆: top panel, single-Majorana edge C(x)1 (t)-
TTC and bottom panel, non-local double-Majorana edge
C1,N (t)-TTC. The order-parameter-like behavior exhibited by
the long-time limits is evident. TP: topological phase, NTP:
non-topological phase.
7Figure 4. (color online) Ci,j (t)-TTC as a function of the
dimensionless time ∆t in the short- and intermediate-time
regimes. Left panels display the TTC for two-Majorana
qubits: blue (green) line C1,1 (t) = C(z)1 (t) local TTC (C1,N (t)
non-local TTC), respectively. Right panels illustrate the time
evolution behavior of TTC for a local bulk two-Majorana qubit
(middle site of the Majorana fermion chain CN+1
2
,N+1
2
(t)).
The chemical potentials are µ/∆ = 1.5 (upper panels),
µ/∆ = 2.0 (middle panels), and µ/∆ = 2.5 (bottom panels).
to finite values at both phases). This order-parameter-
like behavior of the TTC long-time limit is displayed
in Figure 3. Furthermore, by both numerical fitting as
well as the exact general duality property expressed in
Eq. (13), we establish that the long-time limit of the
single-Majorana edge C(x)1 (t)-TTC has a simple specific
functional behavior given by:
lim
t→∞ C
(x)
1 (t) =
{
1− ( µ2∆)2 for µ < 2∆
0 for µ > 2∆.
(22)
On the other hand, the decay of the limit value of the
non-local C1,N (t)-TTC as a function of µ/∆ has been
evaluated numerically, showing a gradual transition,
instead of an abrupt one, from one phase to the other.
Note that these results are strictly valid for an infinitely
long chain or for times below a certain limit where finite
size effects could emerge, such as possible interference
or revivals coming from the reflected influence of the
other edge (not shown here). In addition, the quantum
behavior of single-site TTC for the edge single- and
double- Majorana qubits is similar to the x and z
spin correlations of the transverse Ising model, and
consequently its quantum critical point could also be
detected by TTC measurements [37].
Finally, we end this sub-section with a comparison
between edge vs. bulk TTCs. In Figure 4 the short-
and intermediate-time behaviors of Ci,j (t)-TTC are
illustrated for edge-Majorana qubits, namely the local
case i, j = 1 and the non-local case i, j = 1, N , and a
bulk-two-Majorana qubit i, j = N+12 ,
N+1
2 . We conclude
that apart from a different oscillation amplitude, the
local two-Majorana TTCs, either located at the edge or
at a bulk site, are very similar in going to a finite long-
time limit in any phase, thus not being able to detect
such phase transition by looking at that specific feature.
This behavior contrasts with the one offered by the
two-Majorana non-local edge TTC or even, as discussed
above, with that shown by the single-Majorana edge
TTC. Next, we focus on the consequences of these TTCs
features when assessing macroscopic quantum coherence
through the Leggett-Garg inequality violations, by both
local- and non-local-TTCs.
IV. LEGGETT-GARG INEQUALITY
Leggett and Garg [26, 27] showed that temporal corre-
lations obey similar inequalities as spatial non-local mea-
surements such as those performed in a Bell inequality
test set up. They approached this by first codifying our
intuition about the macroscopic world into three princi-
ples:
(i) Macroscopic realism: a system’s property is well de-
fined at every time regardless of being observed or
not.
(ii) Non-invasive measurability: the system’s evolution
is unaffected by measurements taken on it.
(iii) Arrow of time: the outcome of a measurement can-
not be affected by a subsequent measurement.
We will focus on the following form of a LGI,
Ci,j (t2 − t1) + Ci,j (t3 − t2)− Ci,j (t3 − t1) ≤ 1, (23)
where Ci,j (tα, tβ) is a two-time correlation (see Eq. (6))
of the qubit nonlocal Majorana operator Qˆi,j (with eigen-
values ±1) between times tα and tβ , and t1 < t2 < t3.
We concentrate in the case of identical time intervals, i.e.
t2− t1 = t3− t2 = t, defining a LGI function Ki,j(t) such
as [37]:
Ki,j (t) = 2Ci,j (t)− Ci,j (2t) ≤ 1. (24)
Similarly to the Bell inequality test, any system that
violates this LGI can be assured to behave in a nonclas-
sical sense. From now on, we will take larger violations
to LGI as an indication that a system has more quantum
characteristics than another one.
Figure 5 displays the evolution, as a function of ∆t,
of the LGI function Ki,j (t) given by Eq. (24) for the
same parameters as used in Figure 4. We first note that
8the inequality is always violated at very early times, a
result that can be already understood from the O(t2)
expansions given in Eqs. (8) and (9). Specifically, the
C(x)1 (t)-TTC based LGI, denoted by K(x)1 (t), is given by
K(x)1 (t) ' 1 + µ2t2 +O(t4), (25)
while that based on C(z)1 (t), denoted by K(z)1 (t), is
K(z)1 (t) ' 1 + 4∆2t2 +O(t4). (26)
Thus, the initial growth of both inequality violations
is captured again by the universal initial curvatures of
the corresponding TTCs. Furthermore, the early-time
violations for K(x)1 (t) and K(z)1 (t) become identical at
µ = 2∆, i.e. the critical point. This conclusion provides
an alternative route to identifying the topological phase
transition.
Now we consider different inequalities for longer
times. It is evident that LGI functions based on
two-local-Majorana TTCs such as edge C1,1 (t) and
bulk CN+1
2 ,
N+1
2
(t) follow a similar trend, which is very
different to that of the non-local two-Majorana TTC
given by C1,N (t) when crossing from one phase to the
other. The local LGI violations turn out to be stronger
in the topological phase while the non-local LGI vio-
lation increases when passing from the topological to
the trivial phase. This contrasting behavior can also be
seen in Figure 6, where we compare the maximum LGI
violation KMax (µ) as a function of µ (left panel) for
Figure 5. (color online) Two-Majorana Ki,j (t) LGI function
as a function of ∆t. Panels and color lines have the same
meaning as in Figure 4. The upper blue zones represent vio-
lations of the LGI given by Eq. (24).
Figure 6. (color online) Left top panel: maximum violation of
LGI as a function of µ/∆. Right panel: time of maximum LGI
violation as a function of µ/∆. Left bottom panel: second
derivative of the maximum LGI violation with respect to µ
showing a dip signaling the phase transition for the non-local
edges two-Majorana case. Red lines depict the C(x)1 (t)-TTC
based LGI, the blue lines represent the C(z)1 (t)-TTC based
LGI while the green lines correspond to C1,N (t)-TTC based
LGI.
single- and double-Majorana qubits, as well as the times
for which that maximum violation occurs tKMax (µ) for
the same qubits (right panel). Interestingly, for the
non-local edges two-Majorana case, the second derivative
of KMax (µ) with respect to µ shows a dip signaling the
phase transition, again an inherited feature from the
corresponding time correlations C1,N (t) (see Fig. 1).
Thus, we can conclude that LGI violations by non-local
Majorana qubits are sensitive to the topological features
of the underlying phase, and consequently they could be
explored in properly designed experimental setups.
V. EXPERIMENTAL IMPLEMENTATIONS
Among the most promising candidates for experimen-
tally detecting Majorana edge fermions in condensed
matter systems are chains of magnetic atoms on su-
perconducting surfaces [4, 5, 50] and semiconducting
nanowires with large Rashba spin-orbit interaction under
an applied magnetic field and induced superconductivity
by proximity effects [51, 52]. Previous works have focused
on local sensitive tunneling signatures of the topologi-
cal phase transition in the boundary fermion occupation
(Kitaev chain) or boundary spin (transverse field Ising
chain).
In the Rashba nanowire setup Sticlet et al. [51] define
local Majorana pseudo-spins and argue that they could
be measured by spin-polarized STM allowing to directly
visualize the Majorana fermionic states and to test the
topological character of the 1D system. On the other
hand, Deng et al. [53] reported that highly sensitive ex-
periments have been recently conducted where the non-
locality of Majorana qubits can be locally probed by a
9quantum dot at one end of the nanowire. These state-
of-the-art experiments could evolve to develop time de-
pendent sensitivity as required for detecting local and
nonlocal TTCs. Recently, there has been great inter-
est in contrasting distinctive signatures of spin polariza-
tion for Andreev and Majorana bound states [54] since
when identifying topological phases effects coming from
the presence of quasiparticle states inside the supercon-
ducting gap should be carefully eliminated [55]. Thus, it
is most desirable to have additional signatures available
(besides tunneling conductance signatures of Majorana
fermions) that would allow one to identify the topologi-
cal phase transition. It has been proposed in [51] and [53]
how to distinguish such differences between Andreev vs.
Majorana signatures by accessing true nonlocal features.
In this way, our results as given by the behavior of local
C(x)1 (t) and most importantly by nonlocal C1,N (t), and
their LGI combinations, should be relevant for extending
that kind of search of true Majorana behavior.
Furthermore, recently, spin noise spectroscopy has
been shown as a powerful tool to experimentally access-
ing the autocorrelation function [56, 57]. The univer-
sal short-time behavior described by Eqs. (7) and (8)
could be exploited in spin fluctuation measurements as
an alternative route to get information about the dynam-
ics [58]. Such rich variety of behaviors would also permit
the study of temporal effects as well as different kind of
susceptibilities, through their Fourier transform equiva-
lents, in topological quantum computing settings.
Therefore, in light of recent experiments, we demon-
strate in the present work that TTC and LGI behaviors
exhibit a quantum-phase sensitive signature due to the
appearance of zero-energy-modes in the topological phase
that will manifest themselves in the long-time behavior
of both local as well as nonlocal qubit TTCs. This pro-
vides an experimentally useful diagnostic tool to detect
topological phase transitions.
VI. CONCLUDING REMARKS
In summary, we have provided evidence that time cor-
relations and violations of LGI establish new testable sig-
natures of topological phase transitions. The behavior of
that sort of inequality is a direct consequence of time cor-
relations in local and nonlocal Majorana qubits. Specifi-
cally, we have identified signatures of the MFC topolog-
ical phase transition in any of three time domains: (i)
in the short-time limit we found universal features such
as the out-of-time-ordered correlation and a dip in the
second µ-derivative marking the phase transition; (ii) in
the intermediate time region, the LGI violations are sen-
sitive to the quantum phase the system is; and (iii) in
the long-time limit, the asymptotic values of single- and
double-Majorana edge TTCs act as order-parameter-like
indicators. Specifically, we propose that a measurement
of the long time saturation value of the local edge C(x)1 -
TTC as well as the non-local edge C1,N -TTC provide a
witness of the topological (6= 0) vs. non-topological (= 0)
phase transition of Majorana fermion chain systems, as
it probes directly the existence of zero energy modes.
Additionally, in the former case it gives direct access to
the electron-hole weight of such modes. The results are
especially relevant because the whole question of quan-
tum coherence in complex mesoscopic systems is taking
up a new impulse in the community and is of interest to
researchers not only in quantum information and foun-
dations but also in condensed matter.
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In this Supplementary Material (SM), we provide details of the analytical strategies em-
ployed in the main text to obtain exact numerical results for two-time correlations, out-of-
time-ordered correlators and Leggett-Garg inequalities for edge Majorana fermion qubits.
I. EXACT DIAGONALIZATION OF THE KITAEV HAMILTONIAN: BOGOLIUBOV-DE GENNES
APPROACH
Since the Kitaev Hamiltonian is quadratic in fermionic operators cˆj and cˆ
†
j , its exact diagonalization via a
Bogoliubov-de Gennes transformation is always feasible [S1]. The matrix representation of the Kitaev Hamiltonian,
see Eq.(1) of the main text, takes the form:
Hˆ =
1
2
(
cˆ†1 cˆ1 · · · cˆ†N cˆN
)

−µ 0 −∆ −w 0 0 0 · · · 0 0
0 µ w ∆ 0 0 0 · · · 0 0
−∆ w −µ 0 −∆ −w 0 · · · 0 0
−w ∆ 0 µ w ∆ 0 · · · 0 0
0 0 −∆ w . . . . . . . . . . . . ... ...
0 0 −w ∆ .. . . . . . . . . . . . . . ...
0 0 0 0
. . .
. . .
. . .
. . .
. . .
...
...
...
...
...
...
...
...
...
...
...
0 0 0 0 · · · 0 −∆ w −µ 0
0 0 0 0 · · · 0 −w ∆ 0 µ


cˆ1
cˆ†1
...
...
...
...
...
cˆN
cˆ†N

. (S1)
The central 2N × 2N matrix in Eq. (S1), which we denote by Hˆ, can be rendered to a diagonal form HˆD = Dˆ−1HˆDˆ
by a unitary matrix such as:
Dˆ =

u1,1 u2,1 u3,1 u4,1 · · · · · · · · · · · · u2N−1,1 u2N,1
v1,1 v2,1 v3,1 v4,1 · · · · · · · · · · · · v2N−1,1 v2N,1
u1,2 u2,2 u3,2 u4,2 · · · · · · · · · · · · u2N−1,2 u2N,2
v1,2 v2,2 v3,2 v4,2 · · · · · · · · · · · · v2N−1,2 v2N,2
...
...
...
...
. . .
. . .
. . .
. . .
...
...
...
...
...
...
. . .
. . .
. . .
. . .
...
...
u1,N u2,N u3,N u4,N · · · · · · · · · · · · u2N−1,N u2N,N
v1,N v2,N v3,N v4,N · · · · · · · · · · · · v2N−1,N v2N,N

. (S2)
Since u2q−1,j = v2q,j and v2q−1,j = u2q,j , the unitary property of matrix Dˆ implies that
N∑
q=1
[u2q,iu2q,j + v2q,iv2q,j ] = δi,j ,
N∑
q=1
u2q,iv2q,j = 0 (S3)
for every site j = 1, ..., N . The diagonal matrix HˆD is ordered as
HˆD =

−1 0 · · · 0 0
0 1 · · · 0 0
...
...
. . .
...
...
0 0 · · · −N 0
0 0 · · · 0 N
 (S4)
2where, for ω = ∆, the positive energies are given by:
k = −µ
N∑
j=1
[
u22k,j − v22k,j
]− 2∆N−1∑
j=1
[u2k,j − v2k,j ] [u2k,j+1 + v2k,j+1] . (S5)
From the entries of matrix Dˆ in Eq. (S2) the standard Bogoliubov-de Gennes transformation to new annihilation
(creation) fermionic operators dˆ
(
dˆ†
)
can be written as:
cˆj =
N∑
k=1
(
u2k,j dˆk + v2k,j dˆ
†
k
)
, cˆ†j =
N∑
k=1
(
u2k,j dˆ
†
k + v2k,j dˆk
)
. (S6)
It can be easily checked that canonical fermionic anticommutation relations for local operators cˆj imply that the same
relations hold for the fermionic mode operators dˆk, that is{
dˆk, dˆ
†
k′
}
= δk,k′ ,
{
dˆ†k, dˆ
†
k′
}
=
{
dˆk, dˆk′
}
= 0.
II. EXACT DIAGONALIZATION OF THE KITAEV HAMILTONIAN: MAJORANA APPROACH
To diagonalize the Kitaev model [S4] within the Majorana approach we proceed as follows. We formally define
Majorana operators as a combination of the creation and annihilation fermionic operators, namely
γˆ2j−1 = cˆj + cˆ
†
j , γˆ2j = −ι˙
(
cˆj − cˆ†j
)
, (S7)
with j = 1, . . . , N . Therefore
cˆ†j =
1
2
(γˆ2j−1 − iγˆ2j) , cˆj = 1
2
(γˆ2j−1 + iγˆ2j) . (S8)
By direct substitution of Eq. (S8) into the Kitaev Hamiltonian of Eq.(1) main text, we obtain the Kitaev-Majorana
(KM) Hamiltonian,
HˆKM = −ι˙ µ
2
N∑
j=1
γˆ2j−1γˆ2j +
ι˙
2
N−1∑
j=1
[(∆ + w) γˆ2jγ2j+1 − (w −∆) γˆ2j−1γˆ2j+2] . (S9)
The parameters µ, ∆ and ω induce relative complex interactions between the Majorana modes. Now we briefly explain
two limit cases of the KM Hamiltonian.
First limit case: We start with the simplest case ∆ = ω = 0 with µ < 0, yielding to a Kitaev state in the so-called
topologically trivial phase. Therefore, the KM Hamiltonian of Eq. (S9) takes the trivial form
HˆTrivial = −ι˙ µ
2
N∑
j=1
γˆ2j−1γˆ2j . (S10)
Here only the first term of equation (S9) is different from zero, leaving a coupling only between Majorana modes
γˆ2j−1 and γˆ2j at the same lattice site j, as Fig. S1(a) schematically illustrates. This leads to a ground state with all
occupation numbers equal to 0.
Second limit case: We now consider the Hamiltonian of Eq.(1) with µ = 0, namely
Hˆ =
ι˙
2
N−1∑
j=1
[(∆ + ω) γˆ2jγ2j+1 − (ω −∆) γˆ2j−1γˆ2j+2] .
This last form simplifies even more when ∆ = ω > 0 to the compact expression Hˆ = ∆ι˙
∑N−1
j=1 γˆ2j γˆ2j+1, indicating
that Majorana operators from neighboring sites are paired together, so that the even numbered γˆ at site j is coupled
to the odd numbered γˆ at site j + 1, as depicted in Fig. S1(b). The first and last Majorana fermions are thus left
unpaired, corresponding to the zero energy Majorana Modes (ZEM) [S2, S3].
3Figure S1. Schematic illustration of the Kitaev-Majorana Hamiltonian, (a) in the trivial limit, and (b) in the nontrivial limit
with coupling between Majorana fermions γˆ2j and γˆ2j+1 only. The solid spheres represent the Majorana fermions γ2j−1 and
γ2j making up each physical j site in the Kitaev chain. In the nontrivial phase, the zero energy Majorana Modes (ZEM) are
present at the left and right boundaries of the lattice, which are illustrated by the two unpaired spheres.
III. TWO-TIME CORRELATIONS OF MAJORANA QUBITS
For a better understanding of our results and their implications, we provide a detailed description of the analytical
approach used to obtain the two-time correlations (TTC) for qubits formed by any pair of Majorana fermions such as
γˆ2i−1 and γˆ2i. In the main text we defined the operators θˆi,j and θˆ
†
i,j (see Eq.(20)), and focused our attention on the
dichotomic operator Qˆi,j = 2θˆ
†
i,j θˆi,j − 1 for non-local Majorana qubits, which is an observable with eigenvalues ±1.
By direct substitution of the standard Bogoliubov-de Gennes transformation (Eq. (S6)), we can rewrite the operator
Qˆi,j as
Qˆi,j =
1
2
(γˆ2i−1 − i γˆ2j) (γˆ2i−1 + i γˆ2j)− 1 = 1
2
[
cˆi + cˆ
†
i , cˆj − cˆ†j
]
Qˆi,j =
1
2
N∑
k=1
N∑
q=1
(u2k,i + v2k,i) (v2q,j − u2q,j)
[
dˆk + dˆ
†
k, dˆq − dˆ†q
]
.
(S11)
Similarly we evaluate its time-evolution Qˆi,j(t) = e
ι˙HˆtQˆi,j(0)e
−ι˙Hˆt, obtaining that
Qˆi,j(t) =
1
2
N∑
k=1
N∑
q=1
(u2k,i + v2k,i) (u2q,j − v2q,j)
[
e−ι˙ktdˆk + eι˙ktdˆ
†
k, e
−ι˙qtdˆq − eι˙qtdˆ†q
]
. (S12)
Our particular interest is to analyze the behavior of the two-time correlations throughout the Kitaev chain pa-
rameters, especially close to the critical point. Therefore, we explicitly calculate the symmetric TTC Ci,j (t) =
1
2 〈{Qˆi,j (t) , Qˆi,j (0)}〉, where {•, •} is the anticommutator. The TTC for the general non-local Majorana qubit oper-
ator Qˆi,j is found to be
Ci,j (t) =1
8
N∑
k=1
N∑
q=1
N∑
k′=1
N∑
q′=1
(u2k,i + v2k,i) (v2q,j − u2q,j) (u2k′,i + v2k′,i) (v2q′,j − u2q′,j)〈(
dˆkdˆqe
−ι˙(k+q)t − dˆkdˆ†qe−ι˙(k−q)t + dˆ†kdˆqeι˙(k−q)t − dˆ†kdˆ†qeι˙(k+q)t
− dˆqdˆke−ι˙(k+q)t − dˆqdˆ†keι˙(k−q)t + dˆ†qdˆke−ι˙(k−q)t + dˆ†qdˆ†keι˙(k+q)t
)
(
dˆk′ dˆq′ − dˆk′ dˆ†q′ + dˆ†k′ dˆq′ − dˆ†k′ dˆ†q′ − dˆq′ dˆk′ − dˆq′ dˆ†k′ + dˆ†q′ dˆk′ + dˆ†q′ dˆ†k′
)
+
(
dˆkdˆq − dˆkdˆ†q + dˆ†kdˆq − dˆ†kdˆ†q − dˆqdˆk − dˆqdˆ†k + dˆ†qdˆk + dˆ†qdˆ†k
)
(
dˆk′ dˆq′e
−ι˙(k′+q′)t − dˆk′ dˆ†q′e−ι˙(k′−q′)t + dˆ†k′ dˆq′eι˙(k′−q′)t − dˆ†k′ dˆ†q′eι˙(k′+q′)t
− dˆq′ dˆk′e−ι˙(k′+q′)t − dˆq′ dˆ†k′eι˙(k′−q′)t + dˆ†q′ dˆk′e−ι˙(k′−q′)t + dˆ†q′ dˆ†k′eι˙(k′+q′)t
)〉
,
(S13)
4In order to proceed further from Eq. (S13) we note that only elements with equal number of creation and annihilation
operators are relevant since only they can produce nonvanishing expectation values for eigenstates of the system with
a well defined number of elementary fermionic excitations. These nonvanishing terms turn out to be〈
dˆkdˆ
†
qdˆk′ dˆ
†
q′
〉
= δk,qδk′,q′(1− nk)(1− nk′) + δk,q′δk′,q(1− nk)nk′〈
dˆkdˆ
†
qdˆ
†
k′ dˆq′
〉
= δk,qδk′,q′(1− nk)nk′ − δk,k′δq,q′(1− nk)nq〈
dˆ†kdˆqdˆk′ dˆ
†
q′
〉
= δk,qδk′,q′nk(1− nk′)− δk,k′δq,q′nk(1− nq)〈
dˆ†kdˆqdˆ
†
k′ dˆq′
〉
= δk,qδk′,q′nknk′ + δk,q′δq,k′nk(1− nq)〈
dˆkdˆqdˆ
†
k′ dˆ
†
q′
〉
= (−δk,k′δq,q′ + δk,q′δq,k′) (1− nk)(1− nq)〈
dˆ†kdˆ
†
qdˆk′ dˆq′
〉
= (−δk,k′δq,q′ + δk,q′δq,k′)nknq.
(S14)
Next, we develop Eq. (S13) term by term and insert therein the matrix elements as expressed by Eqs. (S14). Ex-
changing the final active labels k and q in the resulting equation, and noting that n2k = nk, the compact expression
for the TTC Ci,j (t) written as Eq.(21) in the main text follows immediately.
IV. TWO-TIME CORRELATIONS: ANALYTICAL RESULTS
Our theoretical work allows us to obtain an exact and closed analytical expression for C(x)1 (t), which is valid for
any time and chemical potential. In order to guide the reader, we first evaluate the two-time correlation as
C(x)1 (t) =
1
2
〈{γˆ1 (t) , γˆ1}〉 (S15)
The temporal evolution for the Majorana operator is given by γˆ (t) = eι˙Hˆtγˆ1e
−ι˙Hˆt, where Hˆ is the Kitaev-Majorana
Hamiltonian Eq. (S9). We calculate this evolution using the traditional Baker-Campell-Hausdorff formula (BCH)
esAˆBˆe−sAˆ = Bˆ + s[Aˆ, Bˆ] + s
2
2! [Aˆ, [Aˆ, Bˆ]] + ..., and by a direct substitution we evaluate each commutator as follows:
[Hˆ, γˆ1] = ι˙µ γˆ2
[Hˆ, [Hˆ, γˆ1]] = µ
2 γˆ1 + 2µ∆ γˆ3
[Hˆ, [Hˆ, [Hˆ, γˆ1]]] = ι˙µ
(
µ2 + 4∆2
)
γˆ2 + 2ι˙µ
2∆ γˆ4
[Hˆ, [Hˆ, [Hˆ, [Hˆ, γˆ1]]]] = µ
2
(
µ2 + 4∆2
)
γˆ1 + 4µ∆
(
µ2 + 2∆2
)
γˆ3 + 4µ
2∆2 γˆ5
[Hˆ, [Hˆ, [Hˆ, [Hˆ, [Hˆ, γˆ1]]]]] = ι˙µ
(
µ4 + 3µ24∆2 + 16∆4
)
γˆ2 + 4ι˙µ
2∆
(
µ2 + 4∆2
)
γˆ4 + 4ι˙µ
3∆2 γˆ6
[Hˆ, [Hˆ, [Hˆ, [Hˆ, [Hˆ, [Hˆ, γˆ1]]]]]] = µ
2
(
µ4 + 12µ2∆2 + 16∆4
)
γˆ1 + 2µ∆
(
3µ4 + 5µ24∆2 + 16∆4
)
γˆ3
+ 4µ2∆2
(
3µ2 + 8∆2
)
γˆ5 + 8µ
3∆3 γˆ7.
(S16)
After evaluating these first terms of the BCH formula, we can figure out the sequence of the emerging terms. In
addition we use the fact that the Majorana operators satisfy the property (γj)
2
=
(
γ†j
)2
= 1ˆ, and that they obey the
modified anticommutation relations {γi, γj} = 2δi,j with i, j = 1, ..., 2N . Therefore, after a careful algebraic process,
we find that
C(x)1 (t) =
∞∑
m=0
(−1)m
(2m)!
(2∆t)
2mNm(u2), (S17)
where u = µ/2∆ and Nm(x) are the well-known Narayana polynomials (NP). The NP have the form
Nm (x) =
m∑
n=1
Nm,nx
n with Nm,n =
1
m
(
m
n− 1
)(
m
n
)
(S18)
where Nm,n are denoted as the Narayana numbers.
5A. C(x)1 -TTC for the critical point µ = 2∆
Given the closed form of C
(x)
1 (t) for any chemical potential, we evaluate Eq. (S17) directly for u = 1, and note that
Nm(1) = Cm (the mth Catalan number), with
Cm =
1
m+ 1
(
2m
m
)
. (S19)
We substitute Eq. (S19) into Eq. (S17), and obtain the exact result for C
(x)
1 (t) at the critical point,
C
(x)
1 (t) =
J1 (4∆t)
2∆t
, (S20)
where J1 (z) is the Bessel Function of the first kind.
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